A new model for predicting the thermal conductivities of a composite with spherical microballoons is proposed and consists of two consecutive procedures, the computation of the thermal conductivity of the microballoon and the composite. The microballoon is first replaced by the equivalent filler of a known thermal conductivity, so the composite is treated as the matrix containing the equivalent fillers and its thermal conductivity is derived by using Eshelby model modified with Mori-Tanaka's mean field approach. The present model is validated comparing the predicted, experimental, and numerical results from the literature. Parametric studies in terms of the microballoon volume fraction, its relative wall thickness, and the thermal conductivity ratio of the shell to the matrix have been made and their results are discussed.
Introduction
Composite materials with microballoons consisting of outer shell and inner core, syntactic foams, have been developed for enhancing the specific thermo-mechanical properties such as stiffness, strength, vibrational damping, thermal insulation, and energy absorbing capacity. It is well known that their properties mainly depend on the properties of the microballoons as well as the matrix materials. By changing the microballoon volume fraction and its relative wall thickness, the properties of the syntactic foams may be tailored for specific in-use conditions.
The mechanical properties of the syntactic foams have been extensively studied through experiments. Most researches have been focused on the variation of their compressive strength and energy-absorbing capacity in terms of the microballoon volume fraction 1, 2) and its relative wall thickness. [3] [4] [5] The improvement of other mechanical properties such as the stiffness 6) and fracture toughness 7) of the syntactic foams has been also observed. Strength, modulus, fracture toughness, and energy-absorbing capacity of the syntactic foam have been further improved by incorporating the third materials in the form of particle or short fiber into it. [8] [9] [10] [11] Functionally graded syntactic foams with the microballoon volume fraction and its wall thickness gradients have been processed and their compressive strength and energyabsorbing capacity have been evaluated to show the latter to be better. 12) Several analytical studies for predicting mechanical properties of the syntactic foams have been made. The elastic moduli of the syntactic foams have been predicted using a concentric spherical model 13, 14) and elastic and plastic responses of the syntactic foams have been examined with a finite element analysis. 15) However, the thermal conductivity of the syntactic foams has been not rigorously investigated. Liang and Li 16, 17) have measured the thermal conductivity of hollow glass-bead-filled polypropylene composites as a function of the microballoon volume fraction and predicted it using a finite element analysis. The predicted results have been compared with the measured ones, resulting in that both results are fairly close. Felske 18) has suggested the analytical model for the analysis of syntactic foam insulation using the self-consistent field concept, which determines the effective thermal conductivity of mixtures containing composite spheres randomly distributed in a continuous medium.
In this paper, a closed-form solution for predicting the thermal conductivity of composites with mircoballoons is proposed using two consecutive procedures. The microballoon is first replaced by an equivalent filler whose thermal conductivity is determined with the help of the concept of the microgeometry proposed by Benvensite and Miloh. 19) It is proved by solving Laplace equation that the temperature field in the outer medium surrounding the equivalent filler is not disturbed by the replacement. The composite is then considered to consist of the matrix material and equivalent filler of the known thermal conductivity. The thermal conductivity of the syntactic foam is computed using modified Eshelby model for a thermal problem, 20) where Eshelby's equivalent inclusion method modified for a finite filler volume fraction is selected as the framework of an analytical study. 21, 22) The validity of the present model is examined comparing the predicted and experimental results from the literature. Parametric studies in terms of the microballoon volume fraction, its relative wall thickness, and conductivity ratio of the shell to the matrix are then given and discussed, through which the design of the syntactic foam with a target thermal conductivity can be achieved.
Formulations

Thermal conductivity of microballoon
Benveniste and Miloh 19) suggested that the coated filler can be replaced by an equivalent homogeneous and anisotropic filler without disturbing the temperature field in the outer medium. They 19) showed that this replacement is possible through a proper choice of the effective thermal conductivity of the equivalent filler. Let's consider the composite consisting of an isotropic matrix and microballoons in place of the coated fillers. The microballoon is represented by two confocal ellipsoids, where the semi-axes of the inner and outer surfaces are given by a i and A i , i ¼ 1, 2, 3, respectively. The thermal conductivity of the microballoon, k mb , is determined as
where k c and k s denote thermal conductivities of the core and shell in the microballoon, respectively and
In eq. (2), E ðiÞ 1 represents the Lame functions of the first kind of order 1 and type i and and imply the confocality of the ellipsoids:
: ð3Þ For the spherical microballoon, eq. (2) is further simplified as
where f c is the core volume fraction in the microballoon and is expressed in terms of the volumes of the core and shell, V c and V s , as follows:
By the insertion of eq. (4) into (1) and rearrangement, the effective thermal conductivity of the equivalent filler corresponding to the spherical microballoon is isotropic and given by
2.2 Thermal conductivity of composite with microballoons Let's consider the infinite domain of a composite (D) in which numerous microballoons ðD À Þ are randomly distributed. The microballoons are replaced by the equivalent fillers and their thermal conductivities, k mb , are computed by eq. (6). 19) Thus, the syntactic foam can be considered as a simple two phase composite consisting of the matrix and the equivalent fillers, which is shown in Fig. 1(a) . This composite is further converted into Fig. 1 (b) using Eshelby's equivalent inclusion method.
21) The matrix and microballoon are assumed to be isotropic, whose thermal conductivities are denoted by k m and k mb , respectively. Subscripts m and mb represent the matrix and microballoon, respectively and boldfaced letters do a vector or matrix.
The composite is subjected to a constant heat flux (q o ) along the x 3 direction. When a microballoon is embedded into the composite, it is considered to be the representative microballoon in the composite. By using Eshelby's equivalent inclusion method with Mori-Tanaka's mean field approach, 21, 22) heat fluxes in the matrix and microballoon domains, q m and q mb , are expressed as
where K is the thermal conductivity matrix, Z Z is the average of a disturbed temperature gradient vector in the matrix, Z is the disturbed temperature gradient vector in the microballoon, Z Ã is the eigen-temperature gradient vector of the equivalent inclusion problem. Since Z o is a constant temperature gradient vector in the matrix without any microballoon and is generated by the heat flux q o , their relation is given by
Since the integration of the disturbed heat flux over the entire composite domain is reduced to zero, the following relation is derived from eqs. (7)- (9) as
where f mb denotes the microballoon volume fraction in the syntactic foam. Z is related to Z Ã through Eshelby's tensor S as
From eqs. (7) and (9)- (11), the eigen-temperature gradient is derived as
where I is 3 Â 3 identity matrix and A is defined as
The total temperature gradients in the matrix and microballoon, Z m and Z mb , are defined as
Their volume average over the entire composite is equal to the temperature gradient in the composite, which is given by
Since the temperature gradient in eq. (16) is induced by the heat flux q o , Fourier's law of heat conduction for the composite is expressed as
By using eqs. (9), (12), (13), (16) , and (17), the thermal conductivity of the composite, K eff , is finally expressed as Fig. 1 Analytical model of the composite for computing temperature gradient in both the equivalent filler replacing the microballoon and the matrix; (a) original problem, which is converted to (b) Eshelby's equivalent inclusion problem.
Noting that the matrices K m , A, K mb are all diagonal, the thermal conductivity of the composite can be expressed in a closed form. The thermal conductivity along any direction is computed as
where A 11 is the component of the matrix A and is simply derived with eq. (13) as
In eq. (20), S 11 represents the component of Eshelby's tensor and takes the value of 1/3 for the spherical shape. 20) By inserting this value into eq. (20), A 11 can be expressed as
By inserting eq. (21) into (19) , the thermal conductivity of the syntactic foam is reduced to
Results and Discussion
The model composite is a polypropylene matrix containing microballoons made of the silicate. Two types of the microballoons are used for the composite, where the average diameters of the microballoons, TK35 and TK70, are 35 and 70 mm, respectively. The material properties for analytical studies are summarized in Table 1 . 16, 17) The outer diameters of the microballoons are given in the literature, 16, 17) but their inner diameters are not known. The inner diameters of the microballoons are determined from the densities and volumes of the constituents and microballoons. Since the mass of the microballoon is the sum of constituents' masses, it is expressed as
where , V, subscripts mb, c, and s represent the density, volume, microballoon, core, and shell, respectively. Since the microballoon is two concentric spheres, eq. (23) is rewritten as
where R c and R s denote the outer radii of the core and shell in the microballoon, respectively. The core radius of the microballoon is determined as
The core radius is computed using the densities and shell radius of the microballoon and tabulated in Table 1 . 16, 17) Once the radii of the core and shell are given, the core volume fraction in the microballoon, f c , is determined as
The core volume fractions in the microballoons, TK35 and TK70, are computed using eq. (26) to be 0.692 and 0.905, respectively. Based on these volume fractions and eq. (6), the thermal conductivities of the microballoons are computed and summarized in Table 1 . For a parametric study, the relative wall thickness of the microballoon is defined as the ratio of the wall thickness t to the shell radius R s and expressed as
The thermal conductivities of the syntactic foams predicted by the present model are compared with the existing experimental and numerical results from the literature, 16, 17) where the numerical results are obtained by 3D finite element analysis. Their comparisons for the two syntactic foams with TK35 and TK70 are shown as a function of the microballoon volume fraction in Fig. 2(a) and (b) , respectively, where the thermal conductivities of the syntactic foams are normalized by that of the matrix. As observed in the experimental investigations, the thermal conductivities of the syntactic foams predicted by the present model decrease with increasing the microballoon volume fraction. The predictions by the present model lie between the experimental and numerical results and are always closer to the experimental results than the numerical results by 3D finite element analysis. The results by the present model show good agreements with experimental results for both syntactic foams except for the microballoon volume fraction of 0.15. The final form of the thermal conductivity derived by Felske 18) seems to be rather complicated because of allowing a contact resistance at the interface between the spheres and the continuous phase. Applying his model result to the syntactic foam considered in the present study, the thermal conductivity of the syntactic foam derived by the present study, eq. (22) combined with eq. (6), are consistent with the result by Felske. 18) It can be concluded from this comparison that the present model is adequate for predicting the thermal conductivity of the syntactic foam. Parametric studies have been made in terms of the microballoon volume fraction f mb , its relative wall thickness t=R s and thermal conductivity ratio of the shell to the matrix k s =k m , where the thermal conductivity ratio of the core to the matrix k c =k m is always fixed as 0.1. The predictions for k s =k m of 0.5, normalized by k m , are plotted as functions of t=R s and f mb and shown in Fig. 3(a) . The normalized thermal conductivity of the syntactic foam increases with increasing t=R s and f mb . Its weak dependence on t=R s is observed at low f mb . It is an obvious result because the syntactic foam is mostly made of the matrix. However, it is strongly dependent on t=R s especially for high f mb . This is induced by the fact that the increase of t=R s rapidly reduces the core volume fraction in the microballoon.
The predicted thermal conductivities of the syntactic foam with k s =k m of 100 are shown in Fig. 3(b) . As observed in Fig. 3(a) , the thermal conductivity of the syntactic foam is strongly dependent on t=R s for all f mb investigated. Its dependence on t=R s is strong at high f mb and relatively weak at low f mb . This can be explained by the fact that the syntactic foam with high f mb contains much more conductive materials with increasing t=R s . The thermal conductivity increases dramatically with small increase of t=R s near very small t=R s for all f mb investigated. Its strong dependence on t=R s is limited to very small t=R s for low f mb , while that is further extended to higher t=R s for high f mb . The thermal conductivity for low f mb reaches a saturated value at small t=R s , while that for higher f mb reaches a saturated value at relatively higher t=R s . Beyond a certain t=R s , the thermal conductivity is not further influenced by t=R s . Figure 3(c) shows the enlarged view of Fig. 3(b) for nearly zero t=R s . The thermal conductivity of the syntactic foam has the same value at the fixed t=R s regardless of f mb , at which the thermal conductivities of the matrix and microballoon are the same. The thermal conductivity of the syntactic foam increases with decreasing f mb below this wall thickness, and vice versa. It is shown through the parametric study that although the thermal conductivity of the syntactic foam is affected by both the relative wall thickness and microballoon volume fraction, it is strongly dependent on the two parameters especially for high k s =k m . Therefore, much attention would be needed to tailor the thermal conductivity of the syntactic foam with high k s =k m .
Conclusions
The new model for predicting the thermal conductivity of the syntactic foam has been proposed using the two consecutive procedures and its closed-form solution has been derived. The microballoon is first replaced by the equivalent filler of the known thermal conductivity, so the syntactic foam is treated as the composite consisting of the matrix and equivalent filler and its thermal conductivity is derived from using Eshelby model modified with Mori-Tanaka's mean field approach. The validity of the present model is proved comparing the predicted, experimental, and numerical results from the literature. Parametric studies have been made, resulting in that the thermal conductivity of the syntactic foam with high thermal conductivity ratio of the shell to the matrix increases dramatically with even small increase of the relative wall thickness near very small relative wall thickness for all microballoon volume fractions investigated.
